We investigate the theoretical framework of the cos 2φ azimuthal asymmetry contributed by the coupling of two Boer-Mulders functions in the dilepton production unpolarized πp Drell-Yan process by applying the transverse momentum dependent factorization at leading order. We adopt the model calculation results of the unpolarized distribution function f1 and Boer-Mulders function h ⊥ 1 of pion meson from the light-cone wave functions. We take into account the transverse momentum evolution effects for both the distribution functions of pion and proton by adopting the existed extraction of the nonperturbative Sudakov form factor for the pion and proton distribution functions. An approximate kernel is included to deal with the energy dependence of the Boer-Mulders function related twist-3 correlation function T (σ) q,F (x, x) needed in the calculation. We numerically estimate the Boer-Mulders asymmetry νBM as the functions of xp, xπ, xF and qT considering the kinematics at COMPASS Collaboration.
I. INTRODUCTION
The Boer-Mulders function is a transverse momentum dependent (TMD) parton distribution function (PDF) that describes the transverse-polarization asymmetry of quarks inside an unpolarized hadron [1, 2] . Arising from the correlation between the quark transverse spin and the quark transverse momentum, the Boer-Mulders function manifests novel spin structure of hadrons [3] . For a while the very existence of the Boer-Mulders function was not as obvious. This is because, similar to its counterpart, the Sivers function, the Boer-Mulders function was thought to be forbidden by the time-reversal invariance of QCD [4] . For this reason, they are classified as T-odd distributions. However, model calculations incorporating gluon exchange between the struck quark and the spectator [5, 6] , together with a re-examination [7] on the time-reversal argument, show that T-odd distributions actually do not vanish. It was found that the gauge-links [7] [8] [9] [10] in the operator definition of TMD distributions play an essential role for a nonzero Boer-Mulders function.
As a chiral-odd distribution, the Boer-Mulders function has to be coupled with another chiral-odd distribution/fragmentation function to survive in a high energy scattering process. Two promising processes for accessing the Boer-Mulders function are the Drell-Yan and the semi-inclusive deep inelastic scattering (SIDIS) processes. In the former case, the corresponding observables are the cos 2φ azimuthal angular dependence of the final-state dilepton, which is originated by the convolution of two Boer-Mulders functions from each hadron. This effect was originally proposed by Boer [1] to explain the violation of the Lam-Tung relation observed in πN Drell-Yan process [11] , a phenomenon which cannot be understood from purely perturbative QCD effects [12] [13] [14] . Similar asymmetry was also observed in the pd and pp Drell-Yan processes, and the corresponding data were applied to extract the proton Boer-Mulders function [15] [16] [17] [18] . Besides the parmaterizations, the Boer-Mulders function of the proton has also been studied extensively in literature by several QCD inspired quark models, such as the spectator model [19] [20] [21] [22] [23] [24] [25] , the large N c model [26] , the bag model [27, 28] and the light-front constituent quark model [28, 29] . The study of the Boer-Mulders function has been extended to the case of pion meson by the spectator model [30] [31] [32] , the light-front constituent quark model [33, 34] and the bag model [35] .
A suitable theoretical framework for studying the cos 2φ asymmetry at low transverse momentum is the TMD factorization. As the TMD evolution of Boer-Mulders function is difficult to solve, early phenomenological studies focusing on the Boer-Mulders effect in the cos 2φ asymmetry Drell-Yan [19, 22, [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] usually employed tree-level factorization, in which the full TMD evolution of the Boer-Mulders function was not considered. In Ref. [33] , the authors applied a Gaussian ansatz to estimate the k T -evolution effect of the Boer-Mulders function and the cos 2φ asymmetry in πp Drell-Yan process, following the effective description on the energy-dependent broadening of transverse momentum in Ref. [52] . In Ref. [34] , the cos 2φ asymmetry in πp Drell-Yan process was studied in a transverse momentum weighted approach. In that work, the weighted asymmetry was expressed as the product of the first k T -moment of the Boer-Mulders function h
, with the scale evolution of h
included. In Ref. [53] , the Collins-Soper-Sterman formalism [54] [55] [56] was applied to study the azimuthal spin asymmetries in electron-positron annihilation which is similar to the case of the Drell-Yan process, and a Sudakov suppression of the asymmetries in the region q T ≪ Q was found.
The purpose of this work is to apply the TMD factorization to estimate the cos 2φ azimuthal asymmetry in the pion induced Drell-Yan process contributed by the Boer-Mulders effect. From the viewpoint of TMD factorization [54] [55] [56] [57] , the physical observables can be written as the convolution of the factors related to hard scattering and well-defined TMD distribution functions or fragmentation functions. The evolution of TMD functions is usually performed in the b space, which is conjugate to the transverse momentum k T [55, 56] through Fourier Transformation. In the large b region, the b dependence of the TMD distributions and the evolution kernel is nonperturbative. While in the small b region (perturbative region), the perturbative methods can be employed and the TMD distributions at fixed energy scale can be expressed as the convolution of perturbatively calculable coefficients C and their collinear counterparts order by order of the α s . The collinear counterparts can be the corresponding collinear parton distribution functions, fragmentation functions or multiparton correlation functions. Particularly, in the case of the Boer-Mulders function, it can be written as the convolution of the perturbatively calculable coefficients and the twist-3 chiral-odd correlation function T (σ) q,F . The energy dependence of T (σ) q,F (x, x) needed in the work can be solved by considering an approximate evolution kernel.
After solving the evolution equations, the TMD evolution from one energy scale to another energy scale is implemented by the exponential factor of the so-called Sudakov-like form factors [55, 56, 58] . The Sudakov-like form factor can be separated into the perturbatively calculable part S P and the nonperturbative part S NP , which cannot be perturbatively calculated and only can be extracted from the experiment data. In Ref. [59] , the nonperturbative Sudakov form factor for the pion distribution functions was extracted from the unpolarized πN Drell-Yan data measured by the E615 experiment [60] at Fermi Lab. As for the S NP related to proton distribution functions, there were several parameterizations [61] [62] [63] [64] . In this work, we will use the extracted S NP of pion for both the evolution of the unpolarized distribution function and the Boer-Mulders function. As for the evolution of the proton TMD distributions, we will apply the extracted S NP in Ref. [62] and the parametrization results of the Boer-Mulders function in Ref. [16] .
Since the pion meson can serve as the beam to collide off the nucleon target in experiments, the Drell-Yan process [65, 66] may be an ideal way to study the parton structure of unstable particles like pions. The idea was brought out decades ago and was exploited by the NA10 Collaboration [67] and the E615 Collaboration [68] , which measured the azimuthal angular asymmetries in the process π − N → µ + µ − X, with N denoting a nucleon in the deuterium or tungsten target. Recently, COMPASS Collaboration at CERN [69] [70] [71] started a new Drell-Yan program by colliding a π − meson with energy E π = 190GeV on the NH 3 target, which can be a great opportunity to explore the BoerMulders function of the pion meson as well as the nucleon, in the case an unpolarized target or averaging the polarized data can be applied.
The rest of the paper is organized as follows. In Sec. II, we investigate the TMD evolution of the unpolarized distribution function and the Boer-Mulders function of proton and pion meson. In Sec. III, we present the theoretical framework of the cos 2φ azimuthal asymmetry ν BM contributed by the coupling of two Boer-Mulders functions in the pion induced unpolarized Drell-Yan process under the TMD factorization framework. We make the numerical estimate of the cos 2φ azimuthal asymmetry in Sec. IV and summarize this work in Sec. V.
II. THE TMD EVOLUTION OF THE DISTRIBUTION FUNCTIONS
In this section, we will present the TMD evolution formalism of both the unpolarized distribution function f 1 and the Boer-Mulders function h ⊥ 1 of the pion as well as those of the proton, within the TMD factorization. In general, it is more convenient to solve the evolution equations for the TMD distributions in the coordinate space (b space) other than that in the transverse momentum k T space, where b is conjugate to k T via Fourier transformation [55, 56] . The TMD distribution functionsF (x, b; µ, ζ F ) in the b space have two energy dependencies, namely, µ is the renormalization scale related to the corresponding collinear PDFs, and ζ F is the energy scale serving as a cutoff to regularize the light-cone singularity in the operator definition of the TMD distributions. Here, F is a shorthand for any TMD distribution function and the tilde denotes that the distribution is the one in the b space. The energy evolution for the ζ F dependence of the TMD distributions is encoded in the Collins-Soper (CS) [56] equation:
while the µ dependence is derived from the renormalization group equation as
withK the CS evolution kernel, and γ K and γ F the anomalous dimensions. The overall structure of the solution forF (x, b; µ, ζ F ) is the same as that for the Sudakov form factor. More specifically, the energy evolution of TMD distributions from an initial energy µ to another energy Q is encoded in the Sudakov-like form factor S by the exponential form exp(−S)F
where F is the factor related to the hard scattering. Hereafter, we will set µ = √ ζ F = Q and expressF (x, b; µ = Q, ζ F = Q 2 ) asF (x, b; Q) for simplicity. Studying the b-dependence of the TMD distributions can provide useful information regarding the transverse momentum dependence of the hadronic 3D structure through Fourier transformation, which makes the understanding of the b dependence quite important. In the small b region, the b dependence is perturbatively calculable, while in the large b region, the dependence turns to nonperturbative and should be obtained from the experimental data. To combine the perturbative information at small b with the nonperturbative part at large b, a matching procedure must be introduced with a parameter b max serving as the boundary between the two regions. A b-dependent function b * is defined to have the property b * ≈ b at low values of b and b * ≈ b max at large b values. The typical value of b max is chosen around 1 GeV −1 to guarantee that b * is always in the perturbative region. There are several different b * prescriptions in literature [72, 73] . In this work we adopt the original prescription introduced in Ref. [55] as
max . In the small b region 1/Q ≪ b ≪ 1/Λ, the TMD distributions at fixed energy µ can be expressed as the convolution of the perturbatively calculable hard coefficients and the corresponding collinear counterparts, which could be the collinear PDFs or the multiparton correlation functions [54, 74] 
where ⊗ stands for the convolution in the momentum fraction x
and F i/H (ξ, µ) is the corresponding collinear counterpart of flavor i in hadron H at the energy scale µ, which could be a dynamic scale related to b * by µ b = c 0 /b * , with c 0 = 2e −γE and the Euler Constant γ E ≈ 0.577 [54] . The Sudakov-like form factor S in Eq. (4) can be separated into the perturbatively calculable part S P and the nonperturbative part S NP S = S P + S NP .
According to the studies in Refs. [64, [75] [76] [77] [78] , the perturbative part of the Sudakov form factor S P has the same result in Eq. (8) among different kinds of distribution functions, i.e., S P is spin-independent. The perturbative part has the form
The coefficients A and B in Eq. (8) can be expanded as the series of α s /π:
In this work, we will take A (n) to A (2) and B (n) to B (1) in the accuracy of next-to-leading-logarithmic (NLL) order [55, 61, 75, 77, 79, 80] :
The values of the strong coupling α s (µ) are obtained at 2-loop order as an approximation
with fixed n f = 5 and Λ QCD = 0.225 GeV. We note that the running coupling in Eq. (14) satisfies α s (M 2 Z ) = 0.118. The quark and antiquark contributes to the perturbative part S P equally [81] , i.e.,
For the nonperturbative form factor S NP associated with the unpolarized distribution of the proton, a general parameterization has been proposed in Ref. [62] and it has the form
In Ref. [62] the parameters g 1 , g 2 , g 3 are fitted from the nucleon-nucleon Drell-Yan process data at the initial scale Q 
S NP associated with the TMD distribution function for the protons can be expressed as
In this work, we will apply the above result to calculate the spin-independent cross-section. In Ref. [59] , parameterization of the nonperturbative Sudakov form factor for the unpolarized TMD distribution of the pion was proposed as follows:
which has the same form as that for the proton. Here the parameters g motivated by the NJL model was given in Ref. [82] .
Thus we can rewrite the scale-dependent TMD distribution functionF of the proton and the pion in b space as
The hard coefficients C i and F for f 1 have been calculated up to next-to-leading order (NLO), while those for the Boer-Mulders function are still remained in leading order (LO). For consistency, in this work we will adopt the LO results of the C coefficients for f 1,q/H and h ⊥ 1,q/H , i.e., we take C q←i = δ qi δ(1 − x) and take the hard factor F = 1. Thus, we can obtain the unpolarized distribution function of the proton and pion in b space as
If
where J 0 is the Bessel function of the first kind, and k T = |k T |. According to Eq. (5), in the small b region, we can also express the Boer-Mulders at one fixed energy scale in terms of the perturbatively calculable coefficients and the corresponding collinear correlation function
where the hard coefficients are only calculated up to LO. Here T (σ)
q/H,F (x, x; µ) is the chiral-odd twist-3 quark-gluonquark correlation function and is related to the first transverse moment of the Boer-Mulders function h ⊥ (1) 1,q/H by:
As for the nonperturbative part of the Sudakov form factor associated with the Boer-Mulders function, the information still remains unknown. In a practical calculation, we assume that it is the same as S
N P . Therefore, we can obtain the Boer-Mulders functions of the pion and proton in b-space as
After performing the Fourier transformation back to the transverse momentum space, one can get the Boer-Mulders function as
III. THE cos 2φ AZIMUTHAL ASYMMETRY CONTRIBUTED BY THE BOER-MULDERS FUNCTIONS IN DRELL-YAN PROCESS
In this section, by applying the TMD factorization with evolution effect, we set up the necessary framework of the cos 2φ azimuthal angular asymmetry contributed by the Boer-Mulders functions in the pion induced unpolarized Drell-Yan process. In the studied process, the π − beam is scattered off the unpolarized proton target, where the quark and antiquark in the beam and target annihilate into a photon and the photon then produces a lepton pair in the final state. The process can be written as
where P π , P p and q denote the momenta of the π − meson, the proton and the virtual photon, respectively. Here, q is a timelike vector in Drell-Yan process, namely, Q 2 = q 2 > 0, which can be interpreted as the invariant mass square of the lepton pair. In order to express the experimental observables, we adopt the following kinematical variables [55, 69] 
where s is the total center-of-mass (c.m.) energy squared; x π and x p are the Bjorken variables; q L is the longitudinal momentum of the virtual photon in the c.m. frame of the incident hadrons; x F is the Feynman x variable, which corresponds to the longitudinal momentum fraction carried by the lepton pair; and y is the rapidity of the lepton pair. In the leading-twist approximation x π and x p can be interpreted as the momentum fraction carried by the annihilating quark/antiquark inside the π − and the proton, respectively. Alternatively, x π and x p can be expressed as functions of x F , τ and of y, τ [59] x π/p = ±x
The angular differential cross section for unpolarized Drell-Yan process has the following general form [3] 1 σ dσ dΩ = 3 4π
where θ is the polar angle, and φ is the azimuthal angle of the hadron plane with respect to the dilepton plane in the Collins-Soper (CS) frame [83] . The coefficients λ, µ, ν in Eq. (34) describe the sizes of different angular dependencies. Particularly, ν stands for the asymmetry of the cos 2φ azimuthal angular distribution of the dilepton. The coefficients λ, µ, ν have been measured in the process π − N → µ + µ − X by the NA10 Collaboration [67] and the E615 Collaboration [68] for a π − beam with energies of 140, 194, 286 GeV [67] , and 252 GeV [68] , with N denoting a nucleon in the deuterium or tungsten target. The experimental data showed a large value of ν, near 30% in the region Q T ∼ 3 GeV. This demonstrates a clear violation of the Lam-Tung relation [11] . In the last decade λ, µ, ν were also measured in the p d and pp Drell-Yan processes [84, 85] . The origin of large cos 2φ asymmetry-or the violation of the Lam-Tung relation-observed in Drell-Yan process has been studied extensively in literature [1, [86] [87] [88] [89] [90] [91] [92] [93] . Here we will only consider the contribution from the coupling of the Boer-Mulders functions, denoted by ν BM . It might be measured through the combination 2ν BM ≈ 2ν + λ − 1, in which the perturbative contribution is largely subtracted.
According to the TMD framework, in the Collins-Soper frame [83] the unpolarized Drell-Yan cross section at leading twist can be written as [1] 
where we adopt the notation
to express the convolution of transverse momenta. Here q T , k T and p T are the transverse momenta of the lepton pair, quark and antiquark in the initial hadrons, respectively.ĥ is a unit vector defined asĥ = qT |qT | = qT qT . The second term in Eq. (35) has a cos 2φ modulation and can contribute to ν asymmetry. Two coefficients A(y) and B(y) in Eq. (35) can be written as the function of θ in the c.m. frame of the lepton pair
Combining Eqs. (34) and (35), we can obtain the expression of the cos 2φ asymmetry coefficient ν BM contributed by the Boer-Mulders functions as
Adopting the notation in Eq. (36) and performing the Fourier transformation from the q T space to b space on the delta function, we can obtain the denominator in Eq. (37) as
where the unpolarized distribution function in b space is given in Eq. (22) . Similar to the treatment of the denominator, we can write the numerator using the expression of the Boer-Mulders function in Eqs. (27) and (28) as
with
q/p,F (x p , x p ; µ b ) the chiral-odd quark-gluon-quark correlation function of the pion and proton defined in Eq. (26).
IV. NUMERICAL ESTIMATE
In this section, using the framework set up above, we present the numerical prediction of the cos 2φ azimuthal asymmetry ν BM in the pion induced unpolarized Drell-Yan process at the kinematics of the COMPASS Collaboration. To do this, we need to know the Boer-Mulders functions of the pion and the proton.
In Ref. [34] , the integrated unpolarized distribution function and the Boer-Mulders function for the pion meson were calculated by a model, in which the pion wave functions is derived from a light-cone approach. In this work we adopt the results at the model scale µ
The values of the parameters are as follows [34, 94] 
To perform the evolution of f 1,q/π from the model scale µ 0 to another energy scale numerically, we apply the QCDNUM evolution package [95] . As for the energy evolution of T (σ) q,F , the exact evolution effect has been studied in Ref. [96] . For our purpose, we only consider the homogenous term in the evolution kernel with ∆ T P(x) = C F
2z
(1−z)+ + 3 2 δ(1 − x) being the evolution kernel for the transversity distribution function h 1 (x). We customize the original code of QCDNUM to include the approximate kernel in Eq. (42) .
Applying Eqs. (28) and (30) 
The three curves in each panel correspond to three different energy scales:
. From the curves, we find that the TMD evolution effect of the Boer-Mulders function is significant and should be considered in phenomenological analysis. The result also indicates that the perturbative Sudakov form factor dominates in the low b region at higher energy scales and the nonperturbative part of the TMD evolution becomes more important at lower energy scales.
For the Boer-Mulders function of the proton needed in the calculation, we adopt the parametrization at the initial energy Q 2 0 = 1GeV 2 in Ref. [16] :
As for the unpolarized distribution function f 1,q/p (x) of the proton, we adopt the leading-order set of the MSTW2008 parametrization [97] . The COMPASS Collaboration at CERN adopts a π − beam with P π = 190 GeV colliding on a NH 3 target [69, 70] , which provides a great opportunity to explore the Boer-Mulders function of the pion. The kinematics of the π − p Drell-Yan process at COMPASS are as following 0.05 < x N < 0.4, 0.05 < x π < 0.9, 4.3 GeV < Q < 8.5 GeV, s = 357 GeV 2 , −0.3 < x F < 1.
Using the expression of ν BM in Eq. (37) as well as the denominator in Eqs. (38) and the numerator in Eq. (39), we calculate the cos 2φ Boer-Mulders asymmetry ν BM as functions of x p , x π , x F and q T . In calculating the functions of x p −, x π − and x F −dependent asymmetries, the integration over the transverse momentum q T is performed over the region 0 < q T < 2 GeV to make the TMD factorization valid. The same choice has been made in Refs. [98, 99] .
We plot the results of ν BM in Fig. 2 , in which the upper panels show the asymmetries as functions of x p (left panel) and x π (right panel); and the lower panels depict the x F -dependent (left panel) and q T -dependent (right panel) asymmetries, respectively. The bands correspond to the uncertainty of the parametrization of the Boer-Mulders function of the proton [16] . We find from the plots that, in the TMD formalism, the cos 2φ azimuthal asymmetry in the unpolarized π − p Drell-Yan process contributed by the Boer-Mulders functions is around several percent. Although the uncertainty is rather large, the asymmetry is firmly positive in the entire kinematical region. The asymmetries as the functions of x p , x π , x F show slight dependence on the variables, while the q T dependent asymmetry shows increasing tendency along with the increasing q T in the small q T range where the TMD formalism is valid. Our results show that, precise measurements on the Boer-Mulders asymmetry ν BM as functions of x p , x π , x F and q T can provide an opportunity to access the Boer-Mulders function of the pion, as well as to constrain the Boer-Mulders function of the proton.
V. CONCLUSION
In this work, we have applied the formalism of the TMD factorization to study the cos 2φ azimuthal asymmetry contributed by the coupling of two Boer-Mulders functions, in the pion induced unpolarized Drell-Yan process that is accessible at COMPASS. To do this, we have adopted the model results of the unpolarized distribution function f 1 and Boer-Mulders function of the pion meson calculated from the light-cone wavefunctions. For the distribution functions of the proton target needed in the calculation, we have applied available parametrizations.
We have also taken into account the TMD evolution of the pion and proton distribution functions. Specifically, we have utilized the nonperturbative Sudakov-like form factor of the pion TMD distributions extracted from the unpolarized πN Drell-Yan data, while for the proton target, we have adopted a parametrization of the nonperturbative Sudakov form factor that can describe the experimental data of SIDIS, DY dilepton and W/Z boson production in pp collisions. We have also assume that the Sudakov form factors for the Boer-Mulders function are the same as those for the unpolarized distributions f 1 .
We have calculated the contribution of the Boer-Mulders functions to the cos 2φ azimuthal asymmetry in the unpolarized π − p Drell-Yan process at the kinematics of COMPASS. The predictions are presented as functions of the kinematical variables x p , x π , x F and q T . We find that, the double Boer-Mulders asymmetry in π − p Drell-Yan process calculated from the TMD evolution formalism is positive and is sizable, around several percent. It shows that there is a great opportunity to access the cos 2φ azimuthal asymmetry in the unpolarized π − p Drell-Yan process at COMPASS and to obtain the information of the Boer-Mulders function of the pion meson. Furthermore, the calculation in this work will also shed light on the proton Boer-Mulders function since the previous extractions on it were mostly performed without TMD evolution.
